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Calculation of Three-Dimensional Low Reynolds Number Flows

Tuncer Cebeci,* Hsun H. Chen,t and Beng P. LeeJ
California State University, Long Beach, Long Beach, California 90840

An interactive boundary-layer stability-transition approach is used to calculate the performance characteristics
of an infinite swept wing at low Reynolds numbers for several angles of attack. The in viscid flow solutions are
obtained from an inviscid method based on conformal mapping and the viscous flow solutions from an inverse
boundary-layer scheme which uses the Hilbert integral formulation to couple the inviscid and viscous flow. The
onset of transition is calculated by the e" method, based on two- and three-dimensional versions of linear stability
theory. Calculated results for an infinite swept wing with an Eppler airfoil cross section are presented for sweep
angles corresponding to A = 30, 40, and 45 deg, and for Reynolds numbers of 3 x 105 and 4.6 x 105. The
effect of sweep angle on lift and drag coefficients is investigated together with the accuracy of predicting the
onset of transition with two versions of the e" method.
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Nomenclature
section drag coefficient
section lift coefficient
chord length
nondimensional stream functions
nondimensional functions
mixing length or boundary-layer length scale
integrated amplification ratio
Reynolds number in stability calculations, urLlv
chordwise Reynolds number, V^CJv
local Reynolds number, V,xlv
velocity in x direction
reference velocity in stability calculations
friction velocity
reference velocity in boundary-layer calculations
freestream component normal to the leading edge
total velocity at the edge of the boundary layer,

tr
A'

= transition
= x direction

freestream velocity
velocity in y direction
blowing velocity normal to the surface
velocity in z direction
Cartesian coordinate normal to the leading edge
Cartesian coordinate normal to the surface
Cartesian coordinate in spanwise direction
angle of attack or normalized wave number
normalized wave number
intermittency
displacement thickness
eddy viscosity
sweep angle
kinematic viscosity
normalized x coordinate, xlcn
nondimensional frequency

Subscripts
e = boundary-layer edge
/ = imaginary quantity
n = normal to the leading edge
5 = streamwise
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I. Introduction

I N recent years the performance of airfoils operating at
chord Reynolds numbers below 5 x 105 has received con-

siderable attention in low-speed aerodynamic flows1"4 with
applications to remotely piloted vehicles, sailplanes, leading-
edge control devices, high-altitude vehicles, propellers, and
wind turbines. The behavior of these airfoils differs from those
at high Reynolds numbers in that the boundary layer remains
laminar well into the adverse pressure gradient region, and
transition takes place within the separated shear layer prior
to reattachment. The resulting separation bubbles can be large
in extent and, on airfoils such as the Eppler 387 airfoil,5 can
cover 50% chord of the airfoil at a chord Reynolds number
of 1 x 10s.

The performance characteristics of airfoils can be predicted
by methods based either on the solution of the Navier-Stokes
equations or on a combination of inviscid and boundary-layer
equations. In both approaches, the accuracy of the method
depends on the numerical method, the turbulence model, and
the method used to compute the location of transition. The
differences between calculation methods for high and low
Reynolds numbers are mainly in the prediction of the location
of the onset of transition and in the modeling of the transition
region. At high Reynolds numbers, the onset of transition
occurs before or at the location of flow separation, and the
extent of the transition region is confined to a relatively small
region. When transition occurs before laminar separation, it
can be computed by correlation formulas such as those sug-
gested by Michel6 and Granville7 or by the e" method based
on linear stability theory, as suggested by Smith8 and Van
Ingen.9 Several turbulence models, mostly developed for at-
tached flows, can be used to model the transition region,10

with those suggested by Dhawan and Narasimha,11 and Chen
and Thyson12 being popular. Except at very high angles of
attack, where the flow corresponds to stall or poststall con-
ditions, these methods and models are often satisfactory in
predicting airfoil flows, as discussed in Ref. 13. With decreas-
ing Reynolds number, however, large separation bubbles be-
gin to occur on the airfoil, and the onset of transition may
take place inside the bubble and plays a bigger role in the
accuracy of the computational method. As a result, the meth-
ods used to predict the airfoil characteristics at low Reynolds
numbers must be modified to account for those phenomena
which are either absent or not important at high Reynolds
number flows. In a recent study reported in Ref. 14, the
accuracy of a method based on an interactive boundary-layer
stability-transition approach developed by Cebeci15 was in-
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vestigated. The inviscid-flow solutions were obtained from a
conformal-mapping method and viscous flow solutions from
an inverse boundary-layer scheme which made use of a cou-
pling procedure based on a Hilbert integral formulation. The
onset of transition was calculated by the e" method, and the
algebraic eddy-viscosity formulation used in the interactive
method employed an extended version of the intermittency
expression in the Cebeci and Smith eddy-viscosity model.16

The solution procedure also considered the calculation of flow
in the wake, which becomes increasingly important with in-
creased flow separation. Calculated results were presented
for the Eppler and Liebeck airfoils with chord Reynolds num-
bers ranging from 1 x 105 to 5 x 10s and for angles of attack
up to stall.17 Comparison with experiments indicated agree-
ment within measurement uncertainty, except at stall condi-
tions, and close correspondence with the ISES code,18 which
is based on the solution of integral equations.

This article extends the studies of Refs. 14 and 17 on low
Reynolds number airfoils to infinite swept wings. Unlike the
approach used for airfoil flows, where the solutions of the
boundary-layer equations were obtained from the chordwise
momentum equation and the location of transition from two-
dimensional linear stability theory, the present solutions of
the boundary-layer equations are obtained from a combina-
tion of chordwise and spanwise components of the momentum
equations, and the location of transition is determined with
two- and three-dimensional stability theories. This approach
is described in the following section and is used to perform
calculations for an infinite swept wing with a cross-sectional
area corresponding to the Eppler airfoil described in Sec. III.
The calculations are performed for three sweep angles and
for Reynolds numbers of 3 x 105 and 4.6 x 105 in order to
examine the effect the sweep angle has on the lift and drag
coefficients at a given angle of attack. In addition, two ap-
proaches based on two- and three-dimensional stability and
e" methods are evaluated for computing transition. This ar-
ticle ends with a summary of the more important findings.

II. Calculation Method
The calculation method comprises the interactive bound-

ary-layer method and the stability transition method described
below, respectively, operating in an interactive manner.

A. Interactive Boundary-Layer Method
In the extension of the airfoil method14 17 to the infinite

swept wing of Fig. 1, it is assumed that the coordinates of the
airfoil are specified by pairs of x/cx and y/cx, A is given, and
/?, is defined in terms of streamwise V^ and cv, i.e.

R( = (V-,cJv)

which may be written in terms of cn as

Rt. = (J^c»(I/cos A)

(la)

(Ib)

It is also assumed that the wing is sheared so that the stream-
wise section is unaltered, but the normal chord length is smaller
and leads to a higher normal thickness ratio.

The extension of the interactive airfoil method of Ref. 17
to the present infinite swept wing can be accomplished by
obtaining the inviscid pressure distribution from a three-di-
mensional panel method, and the viscous flow solutions from
the boundary-layer equations with transition determined from
the e" method for an infinite swept wing based on either two-
or three-dimensional stability theory. Since the configuration
under examination is an infinite swept wing, the inviscid pres-
sure distributions uJVy. and wJVy. needed in the solution of
the boundary-layer equations can also be determined from
an inviscid method based on conformal mapping for an airfoil
cross section in which the y/cx coordinate is multiplied by
I/cos A; and, with (uju^)2li denoting the external two-dimen-

Fig. 1 Notation for infinite swept wing.

sional velocity distribution corresponding to the modified air-
foil cross section, it can be written as

(uJVJ = (M,/wJ2,/Vl - cos2a sin2A (2a)

(wJVJ = cos a sin A (2b)

where a denotes the angle of attack and is related to the
airfoil angle of attack (a)2,/ by

(a)2<i = tan '(tan a/cos A) (2c)

To obtain the viscous flow solutions, the boundary-layer
equations are expressed in terms of e,,,, and for a Cartesian
coordinate system in which x is normal to the leading edge
and z is in the spanwise direction, are written as

dx dy

du du dueu — + v — = ut. —— +
dx dy dx

d r . du\
— \(v+ sj —
dy [V dy]

dw dw d \ , „ dw\
U —— + V —— = —— O + £„,) ——

dx dy dy I dy J

(3)

(4)

(5)

subject to the following boundary conditions for an inverse
formulation described in Ref. 19

y = 0, u = i> = w = 0 (6a)

(6b)

on the wing. Here, u" and H>" represent the inviscid velocity
components in the x and z directions, and 8ue(x) is a pertur-
bation velocity computed from the Hilbert integral

Suf(X) = - I f- (M,S?)77 J.v,, da x — a (7)

with the interaction region confined to (x(l, xh).
To obtain the solutions of the boundary-layer equations in

the wake region, with y = 0 denoting the dividing streamline
in the wake, the chordwise and spanwise momentum equa-
tions are solved subject to the following boundary conditions:

y = 0, v = 0
y = ±oc, u — u(l + 8uc(x), w = w"

As in two-dimensional flows, vn is then computed from

(8)

(9a)
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on the wing and in the wake so that the viscous effects can
be introduced into the inviscid method through a nondimen-
sional t'* defined by

vn

- cos2a sin2A
(9b)

The presence of e,n requires a turbulence model, and the
algebraic eddy-viscosity formulation of Cebeci and Smith, as
described in Ref. 16, is used for three-dimensional flows.
Thus, the turbulent boundary layer is regarded as a composite
layer with inner and outer regions

can be expressed as

_ ( f i \ 2 i _ t \ f ' 12_ f" IL
\J ) \ - S \J -*. I ~»

(bg"Y + 2 fg" - t If ^ g" J

n = o, / = /' = g = g' = o
•n = u,, /' = g' = i

(13)

) (14)

(15a)

(15b)

2 / \ 2-1 1/2+ (-)!\ ^ /J

[V, - (u2

0 < y <

r,r .v, s .y < s

where yt. corresponds to the y location where we switch from
the inner eddy-viscosity formula ein., to the outer expression
em>>. The parameters in the above equations are given by

L = 0.4y[l - exp(-y/A)], A = 26m;1 (lOc)

(lOd)

y,,. = 1 - exp -G(^-^, r) — (lOe)

y %

- = -- (10f)

In Eq. (lOf), C is a constant with a recommended value of
60. The expression for G was obtained from data based on
two-dimensional attached flows, and in its present form, is
not applicable to flows with separation. To take account of
separation, a correlation formula described by Cebeci15

C2 - 213(log fl.Vir - 4.7323)

was used to represent C in terms of transition Reynolds num-
ber and was based on experimental data with separation-
induced transition at low Reynolds number.

Since the boundary-layer equations are parabolic, their so-
lution employs a marching scheme. The similarity variables
provide advantages by reducing and even eliminating the growth
of boundary-layer thickness 8(x) and allowing larger steps to
be taken in the streamwise direction. For this reason, they
are first expressed in transformed variables by introducing the
Falkner-Skan transformation in which the similarity variable
77 is defined by

77 = ^/(ujvx)y (12a)

and the dimensionless variables/(*, 17) and g(x, 77) by

$ = Vut,vxf(x, 77), 0 = ^/uevx(we/u^g(x, 77) (12b)

With this transformation, it can be shown that the boundary-
layer equations, Eqs. (3-5), and their boundary conditions
for the standard problem where

y = 0, u. = v = w = 0

y = ±c

Here, the parameters £, 6, £ + ,/ ' , and g', and the dimen-
sionless pressure gradient parameter m are given by

* = -*, /' = -V Ue

w (16)

Keller's box method is used to solve the above equations by
first expressing them as a first-order system. The ^-momentum
equation, Eq. (13), is written as

f' = u (17a)

(17b)

(11) and the z-momentum equation, Eq. (14), as

s' = f

(17c)

(18a)

(18b)

subject to the boundary conditions

T; = 0, / = M = g = 5

77 = 77,, u = s = 1

(19a)

(19b)

The above solution procedure applies to the standard prob-
lem in which the external velocity distribution is specified.
For flows with separation, the solutions break down at the
location of vanishing wall shear and convergence cannot be
obtained. This situation can be overcome by using an inverse
method in which the external velocity is computed as part of
the solution. For this purpose the boundary-layer equations
are expressed with variables other than those given by Eq.
(12): ue(x) in Eq. (12) is replaced with w0, and new dimen-
sionless variables Y, F, and G are defined by

Y =
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so that Eqs. (3-5) can be written as

-C" ,22,

where now

(23)

Similarly, Eqs. (21) and (22) are expressed as a system of
first-order equation as in the standard method. The main
difference is that now ue is unknown and must be computed
as part of the solution. Again, the numerical procedure de-
scribed for the standard method is used to obtain the solution
of the above equations subject to the boundary conditions
given by Eqs. (6) and (7). For details of the numerical method
used to solve the inverse problem, the reader is referred to
Ref. 19.

B. Stability Theory and the e" Method
An important aspect of a calculation method for low Rey-

nolds number flows is the procedure used to predict the onset
of transition. Unlike high Reynolds number flows, transition
occurs inside the separation bubble with low Reynolds num-
ber flows and strongly influences the accuracy of the calcu-
lation method. The use of correlation formulas often leads to
inconsistent results. On the other hand, the use of the e"
method based on the solution of the Orr-Sommerfeld equa-
tion, which in dimensionless form and with primes denoting
differentiation with respect to y, is

iR(au + fiw - w)

= (/>"' — 2y2(f)" -

where

- iR(au"

y2 = a2 + /32

(24)

(25)

is an accurate way of determining the onset of transition.
According to the e" method, the stability transition calcula-
tions for an airfoil flow with separation are started by ob-
taining the solutions of the laminar boundary-layer equations
with an interactive method such as that described in Refs. 14
and 17. The stability calculations with /3 = 0, w = w" = 0
are initiated at the first x station where the Reynolds number
exceeds the critical value established for similar boundary
layers. Several dimensional frequencies at different x loca-
tions are computed on the lower branch of the neutral stability
curve in order to determine the amplification rate «/(*), so
that the onset of transition can be determined by evaluating
the integral

n = - a,
J.v()

dx (26)

for several dimensional frequencies in order to find the critical
frequency that leads to the most amplified integrated ampli-
fication rate.

The prediction of transition in three-dimensional flows with
or without separation is an order of magnitude more difficult
than that in two-dimensional flows. The method described by
Davis et al.2() employs a correlation of experimental data based
on two-dimensional flows and its accuracy for wings with cross-
sections corresponding to low drag airfoils such as the Eppler
airfoil requires investigation. Furthermore, this correlation
method depends on freestream turbulence which does not

account for transition due to crossflow instability, and its use
for three-dimensional flows—especially at high Reynolds
numbers—may be inappropriate.

In our study, the e" method is used to calculate transition
in three-dimensional flows and to obtain the solutions of the
Orr-Sommerfeld equation using the spatial amplification ap-
proach which differs from the temporal amplification ap-
proach of Malik21 and the spatial amplification approach of
Mack,22 in that the relationship between the two wave num-
bers, a and /3, is not assumed, but computed from the re-
quirement that da/d/3 is real, and this follows from concepts
based on group velocity using the saddle-point method. Ac-
cording to this requirement, the wave orientation and growth
direction of the disturbance are represented by

= -tan 0 = —x (27)

With a and /3 connected through Eq. (27) and with the dis-
turbance propagating along the ray given by the two terms
on the right side of Eq. (27), the onset of transition is obtained
by calculating the amplification rates T(x)

and evaluating the integral

• - -f:
(28)

(29)

for several dimensional frequencies determined on a special
three-dimensional neutral stability curve called a zarf by
Cebeci and Stewartson.23 Recent studies24-25 conducted for
attached flows on infinite-swept wings and bodies of revolu-
tion indicate that this procedure is as accurate as that used
for two-dimensional flows, and it is used here together with
its two-dimensional counterpart.

III. Results and Discussion
Calculations using the method of the previous section are

performed for an infinite swept wing with a cross section
corresponding to the Eppler 387 airfoil (see Fig. 2) for which
there is extensive airfoil data, obtained by McGhee et al.5 in
the Langley Low-Turbulence Pressure Tunnel (LTPT). The
tests were conducted at Mach numbers from 0.03 to 0.13 and
at chord Reynolds numbers from 6 x 104 to 4.6 x 105. Lift
and pitching-moment data were obtained from airfoil surface
pressure measurements and drag data from wake surveys. Oil
flow visualization was used to determine laminar-separation
and turbulent reattachment locations. Before the results are
presented for three-dimensional flows in Sec. III.B, a sample
of computed results are presented in Sec. III. A, together with
experimental data in order to demonstrate the accuracy of
the procedure for two-dimensional flows. For more extensive
comparisons of calculated and experimental results, the reader
is referred to Ref. 14.

A. Results for Two-Dimensional Flows
The calculations for the Eppler airfoil were performed for

chord Reynolds numbers of 3 x 105 and 4.6 x 10s and for
angles of attack from 0 deg to the stall angle. For all calcu-
lations, the value of n was assumed to be 9.

Figures 3a and 3b show a comparison between the calcu-
lated and measured lift and drag coefficients at these two
chord Reynolds numbers. As can be seen, the computed val-
ues agree remarkably well with experiment for all angles of
attack up to stall where the computed lift coefficients begin
to deviate from data, indicating higher values than those
measured. As discussed in Refs. 13 and 14, this discrepancy
is due to the transition-calculation procedure, so that with
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Fig. 2 Eppler 387 airfoil.
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Table 1 Experimental and calculated chordwise laminar separation
(LS) and turbulent reattachment (TR) and transition locations

on the upper surface of the Eppler airfoil together with lift
and drag coefficients

Experiment Calculated
, deg LS TR (x/c)lr LS TR C,

R( = 3 x 10s

0.48
0.45
0.40
0.39
0.38

0.69
0.62
0.58
0.55
0.50

0.63
0.58
0.52
0.49
0.43

0.51
0.46
0.43
0.415
0.42

0.72
0.67
0.60
0.57
0.50

0.380
0.604
0.825
0.933
1.041

R = 4.6 x 105

0.0078
0.0085
0.0094
0.0099
0.0105

2
4
5
6

V J . U l

—— —— 0.56
—— —— 0.50
—— —— 0.45
—— —— 0.36

U.Jl

0.48
0.44
0.44

u.uo
0.62
0.55
0.49

V.JOJ

0.607
0.830
0.939
1.044

u.uuoo
0.0071
0.0079
0.0085
0.0097
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Fig. 3 Comparison of calculated (solid lines) and measured (sym-
bols) lift and drag coefficients for a) Rt. = 3 x 10s and b) Rc =
4.6 x 105.

increasing angles of attack, the onset of transition on the
upper surface of the airfoil moves upstream and, near stall
conditions, takes place almost at the leading edge. Consistent
with the studies of Ref. 13, a very slight change in the tran-
sition location has a large effect on the lift and drag coeffi-
cients. Moving the transition location downstream increases
the region of flow separation, and decreases the lift coefficient
in accord with experiment, but, in some cases, it also causes
the calculations to break down. To improve the calculations
near stall and extend them to poststall flows, it is necessary
to implement the present calculation method with procedures
similar to those devised for high Reynolds number airfoils,
as described in Ref. 26.

Further details of the results corresponding to the calculated
values of the chordwise location of laminar separation (LS),
turbulent reattachment (TR), the onset of transition, and the
lift and drag coefficients are presented in Table 1 for several
angles of attack. The experimental results of this table are
subject to some uncertainty because of difficulties associated
with the surface visualization technique. With this proviso,
comparison between measured and calculated values must be
considered outstanding. It should be noted that when there
is a separation bubble, the transition location obtained from
the e" method occurs within the bubble and, in accord with
experimental observation, leads to reattachment some dis-
tance downstream.

B. Results for Three-Dimensional Flows
Before the results are presented for three-dimensional flows,

similar to those in two-dimensional flows, it is useful to em-
phasize that the modeling of the transitional region and the
onset of transition at low Reynolds numbers are strongly linked
through the interactive scheme. If the onset of transition is

calculated at a position downstream of the true position, even
by a small distance, the separation bubble may become nu-
merically unstable. The implication is that laminar flow cannot
be sustained to this downstream distance, and the numerical
breakdown is indicative of the incorrect location of the onset
of transition, as discussed in Ref. 27. Alternatively, the cal-
culation of the correct location of transition together with an
improper representation of the subsequent transitional region
can lead to a separation bubble length which is incorrect, with
consequences for the downstream boundary-layer develop-
ment.

The comments of the above paragraph have an immediate
implication for the present results and the way in which the
e" method and the correlation for ytr, given by Eqs. (lOe),
(lOf), and (11), are used. This expression for the transitional
region in two-dimensional flows was effectively calibrated with
experimental data obtained at low Reynolds numbers (see
Ref. 15) with n = 9 in the e" method. Its extension to three-
dimensional flows requires a similar calibration and corre-
sponding experiments but, since appropriate measurements
are not available, the calibration of Eqs. (lOe) and (lOf) is
used here with the velocity representative of the total velocity
and retains Eq. (11). With this procedure, a value of n has
to be chosen by numerical experiments which corresponds to
n = 1 in the results presented below.

In the extension of the calculations to an infinite swept
wing, it is useful to emphasize the role of Reynolds number
and the sweep angle. In the latter case, Eq. (2c) tells us that
the angle of attack of the wing (a) and the airfoil (o;2D) are
related by the sweep angle. For example, Fig. 3b shows that
the stall angle for the Eppler airfoil is around 11 deg for
Rc = 4.6 x 105, which would make the stall angle of the wing
around 5.5 deg for a sweep angle of 60 deg. The "true" stall
angle, however, is probably lower than this value because the
chordwise Reynolds number is equal to R(. cos2A or 1.15 x
10s for A = 60 deg, and the stall angle for lower Reynolds
numbers is smaller.

It is also important to discuss the movement of the transition
location with the sweep angle of the wing. Here, there are
two features that influence the location of transition. The first
results from the increase in airfoil thickness with increase in
sweep angle since, in this case cn is reduced for the same y
coordinate. In addition, the angle of attack of the airfoil be-
comes bigger with an increase in A [see Eq. (2c)], and this
causes the transition location to move upstream. The second
feature is the magnitude of the chordwise Reynolds number
which becomes smaller with an increase in sweep angle and
causes the transition location to move downstream. These two
features are in competition with each other, trying to move
the location of transition upstream and downstream, respec-
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lively. For the case of zero angle of attack, the increase in
thickness controls so that the transition location moves up-
stream with increase in sweep angle.

In the calculations reported here, the onset of transition is
obtained from the e" method with stability calculations per-
formed for three- and two-dimensional flows. It is well known
in the former case that crossflow stability becomes increas-
ingly important with an increase in Reynolds number. For
example, at chord Reynolds numbers around 2 x 106, with
sweep angles corresponding to 50 deg, studies conducted in
Ref. 24 show that on an ONERA-wing the location of the
critical frequency which leads to the most amplified distur-
bance and to transition takes place very close to the leading
edge of the wing. With low Reynolds number flows, however,
we expect the crossflow effect to be small and the disturbances
mainly due to Tollmien-Schlichting instabilities, so that the
location of the critical frequency occurs downstream of the
pressure peak, as in two-dimensional flows. This means that
there should be close accord between the predictions of the
two versions of the e" method.

Tables 2 and 3 show the calculated chordwise laminar sep-
aration, turbulent reattachment, and transition locations on
the upper surface of the Eppler airfoil, together with its lift
and drag coefficients as a function of angle of attack for two
sweep angles and Reynolds numbers. The calculated results
were obtained for a value of n = 7, and indicate that, as
expected, for both Reynolds numbers the location of transi-
tion moves forward with increase in sweep angle at zero angle
of attack. For a Reynolds number of 3 x 10s, this trend
continues up to an angle of attack less than 5 deg, indicating
the triumph of the first feature over the second one. At a =
5 deg, transition locations remain the same, but with a further
increase in a, the second feature takes over and causes the
transition to move slightly downstream with increase in A.
Essentially, the same behavior is observed at the higher Rey-
nolds number, except that the influence of the first feature is
limited to lower angles of attack (i.e., a = 4 deg) when both
features cause the transition location to remain at (xlc\r =
0.47 at two sweep angles.

An examination of the results in Tables 2 and 3 shows that
the total drag coefficients computed from the wake velocity
profiles do not change much with sweep angle. For example,
at a Reynolds number of 4.6 x 105 and a = 0 deg, the drag
coefficient decreases by 3% as the sweep angle increases from
30 to 40 deg. However, the lift coefficients decrease substan-
tially with increasing sweep angle. It is to be noted that, as
expected, the slope of the lift and angle of incidence curve is
almost proportional to cos A at these angles of attack.

To investigate the effect of sweep angle further on the
transition location and on the lift and drag coefficients of the
wing, additional calculations were performed for A = 45 deg,
Rt. = 4.6 x 10s. The results shown in Table 4 indicate the
same trend observed at other sweep angles and angles of
incidence. For example, at a = 0 and 2 deg, transition moves
further upstream, but remains at the same location at a = 4

Table 2 Results for Rt. = 3 x 105

a, deg

0
2
4
5
6

0
2
4
5
6

LS

0.515
0.48
0.43
0.43
0.41

0.500
0.465
0.415
0.395
0.390

TR

A -

0.67
0.62
0.56
0.51
0.44

A =
0.655
0.605
0.560
0.525
0.470

(x/c\r

30 deg
0.60
0.55
0.50
0.46
0.41

40 deg
0.58
0.535
0.490
0.460
0.415

c,

0.323
0.517
0.718
0.801
0.891

0.282
0.454
0.618
0.698
0.774

Q

0.0078
0.0084
0.0094
0.0099
0.0107

0.0078
0.0085
0.0095
0.0100
0.0106

and 5 deg. At a = 6 deg, the triumph of the second feature
continues and pushes the location of transition downstream.
The drag coefficients essentially remain unchanged from those
at A = 40 deg, but the lift coefficients decrease further.

Table 4 also shows the effective angle of attack of the airfoil.
As can be seen, with change in wing incidence angle a, the
airfoil angle of attack changes quickly and approaches the
stall angle of an airfoil typical at these low Reynolds numbers.

Figures 4 and 5 summarize the effect of sweep angle on the
lift and drag coefficients and show that, while the drag coef-
ficients essentially remain the same with increase in sweep
angle, the lift coefficients decrease as discussed above.

The onset of the transition locations shown in Tables 2-4
were obtained with the three-dimensional version of the e"
method described in Ref. 25. As in two-dimensional flows,
the continuation method proved to be very useful and essen-

Table 3 Results for Rc = 4.6 x 10s

a, deg LS TR (x/c)lr C,
A - 30 deg

0
?
4
5
6

0.52
0.48
0.46
0.43
——

0.63
0.58
0.52
0.46
——

0.575
0.53
0.47
0.43
0.34

0.326
0.522
0.714
0.808
0.896

0.0067
0.0071
0.0079
0.0084
0.0097

A = 40 deg
0
2
4
5
6

0.50
0.46
0.425
0.42
0.39

0.63
0.59
0.525
0.485
0.40

0.57
0.525
0.47
0.435
0.375

0.283
0.459
0.628
0.709
0.785

0.0065
0.0072
0.0079
0.0084
0.0093

Table 4 Results for Rc = 4.6 x 10s and A = 45 deg

a, deg

0
2
4
5
6

LS

0.485
0.45
0.41
0.40
0.39

TR
0.63
0.56
0.535
0.49
0.43

(xlc\t

0.565
0.52
0.47
0.435
0.39

c,
0.262
0.421
0.574
0.647
0.714

Q
0.0065
0.0072
0.0080
0.0084
0.0092

(«>2D

0
2.83
5.65
7.05
8.45

1.5

1.2

0.9
I
0.6

0.3

0.0
0.0 0.005

b)
0.01 0.015

Cd
0.02

Fig. 4 Effect of sweep angle on lift and drag coefficients at different
angles of attack, Rc. = 3 x 105: a) C, vs a and b) C, vs Cd.
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tial in computing the eigenvalues in regions of recirculating
flow. Additional stability/transition calculations were also
performed using the two-dimensional version of the e" method.25

In this case, only the solutions of the chordwise momentum
equation were examined for transition for R( = 4.6 x 10s,
A = 45 deg. For consistency, again a value of n = 1 was used.

Figures 6a and 6b show the variation of n along the airfoil
computed with two versions of the e" method for angles of
attack of 0 and 6 deg, respectively. As can be seen, the pre-
dictions of both procedures agree well with each other and
support the earlier discussion that the effect of crossflow in-
stability becomes increasingly small with a decrease in Rey-
nolds number, and that the disturbances which lead to tran-
sition at this Reynolds number are of the Tollmien-Schlichting
type.

It is also useful to comment on the influence of the tran-
sitional model used in the present eddy-viscosity formulation.

1.5

1.2

0.9
*
0.6

0.3

0.0 i

b)
0.0 0.005 0.01 0.015 0.02

Fig. 5 Effect of sweep angle on lift and drag coefficients at different
angles of attack, Rc = 4.6 x 105: a) C, vs a and b) C, vs Cd.

10

8

6
i

4

2

0
a)

0.3 0.4
x/c

0.5 0.6

10

8

6
i

4

2

0
b) 0.0 0.1 0.2 , 0.3

x/c
0.4 0.5

Fig. 6 Variation of n with x/c for Rc = 4.6 x 10s, A = 45 deg: a)
a = 0 deg and b) a — 6 deg.

a) 0.3

10

0.4 0.5 x/c 0.6 0.7

•C f c GIVEN BY EQ.(ll) /
-C2=3 /,

b) 0.3 0.4 0.5 x/c 0.6 0.7

Fig. 7 Influence of C2 term in Eq. (lOf) on the value of n for Rc =
3 x 10s, a = 0 deg: a) A = 30 deg and b) A = 40 deg.

Our calculations indicated that the location of transition cor-
responding to n = 1 was also the "most" downstream tran-
sition location; any attempts of specifying this location more
downstream led first to the increase in the extent of the sep-
aration bubble, then to the breakdown of the calculations.
As a result, the value of n was restricted to 7 for transition
calculations. Additional calculations performed with values
of C2 lower than those given by Eq. (11) allowed the transition
calculations for higher values of n (see Fig. 7) without leading
to any breakdown. This is expected since by decreasing C2 in
Eq. (lOf), the extent of the separation-induced transitional
region is decreased and the turbulent reattachment point is
moved upstream.

IV. Concluding Remarks
A method for predicting the performance characteristics of

infinite swept wings at low Reynolds numbers is described.
The procedure, as its counterpart for airfoil flows, is again
based on a combination of an interactive boundary-layer and
stability-transition methods. The results indicate that for chord
Reynolds numbers of 3 x 105 and 4.6 x 10s, the effect of
sweep angle on the drag coefficient of an Eppler airfoil is
small. This is not the case for the lift coefficient which de-
creases substantially with an increase in sweep angle. The
stability/transition calculations indicate that crossflow effect
is small at these Reynolds numbers and the transition cal-
culations performed with either the three- or two-dimensional
versions of the e" method essentially yield the same results.
The results show that the modeling of the transitional region
and the onset of transition at low Reynolds numbers are strongly
linked through the interactive scheme, and also indicate the
need for better transitional models than those available today.
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